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Abstract We give a simplified proof of the linear instability of equilibrium figures
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1 Introduction
The classical problem of stability of equilibrium figures of uniformly rotating vis-
cous incompressible capillary self-gravitating liquid (see for instance [2]) is closely
related to the free boundary problem governing the evolution of an isolated liquid
mass. It consists of determination of a bounded domain Ωt ∈ R3, the velocity vector
field V(x, t) = (V1, V2, V3), and the scalar pressure q(x, t), x ∈ Ωt , satisfying the
following relations:
Vt + (V · ∇)V − ν∇2V + ∇q = κ∇U,
∇ · V = 0, x ∈ Ωt , t > 0,
T (V, q)n = σ H(x, t)n, Rn = V · n, x ∈ Γt ≡ ∂Ωt ,
V(x, 0) = V0, x ∈ Ω0.
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Here ν = const > 0 is the viscosity coefficient, σ and κ are a non-negative coefficient
of the surface tension and the gravitational constant, respectively, which do not vanish








j, k = 1, 2, 3 is the doubled rate-of-strain tensor, H is the doubled mean curvature of
Γt negative for convex domains, Rn is the velocity of evolution of Γt in the direction
of the exterior normal n and





is the Newtonian potential dependent on an unknown domain Ωt . The density of the
liquid is assumed to be equal to one. The domain Ω0 is given.
Introducing a new pressure q − κU instead of q, that we shall continue to denote
by q, we can write the above problem in the form
Vt + (V · ∇)V − ν∇2V + ∇q = 0,
∇ · V = 0, x ∈ Ωt , t > 0, (1.1)
T (V, q)n = (σ H(x, t) + κU (x, t))n, Rn = V · n, x ∈ Γt ≡ ∂Ωt ,
V(x, 0) = V0, x ∈ Ω0.
From now on we shall put a prime to vectors c ≡ (c1, c2, c3) to denote the part of
c orthogonal to the unit vector of the x3 axis e3, say c′ ≡ (c1, c2, 0). Let the liquid be
rotating as a rigid body around a fixed axis (x3-axis), then the basic velocity vector
field Vb and the pressure P are given by
Vb(x) = ωe3 × x = ω(−x2, x1, 0), P(x) = ω
2
2
|x ′|2 + p0, (1.2)
where x ′ = (x1, x2, 0), p0 = const , and ω is the angular velocity of rotation. The
domain F occupied by the rotating liquid, which is referred to as the equilibrium




|x ′|2 + κU + p0 = 0, x ∈ G = ∂F , (1.3)





|x − z| .
The functions (1.2) satisfy the Navier–Stokes equations (1.1), and (1.3) is obtained
by inserting (1.2), in place of V, q, into the boundary condition (1.1)3. If F is axially
symmetric with respect to the x3-axis, then Vb(x), P(x), x ∈ F , represent a stationary
solution of the problem (1.1), otherwise these functions defined in a uniformly rotating
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domain Fω t+ϕ represent a periodic solution (by Fθ we mean the domain obtained
by rotation of the angle θ of F around the x3-axis). Thus, the problem of stability of
an equilibrium figure is equivalent to the problem of stability of a special stationary
or periodic solution of (1.1).
We recall that solutions to (1.3) provide the stationary points of the functional













|x − y| − p0|Ω|,
where β = ωI3 is the magnitude of the total angular momentum of the rotating liquid
and I3 =
∫
F |e3 × x |2dx is the inertia momentum of F with respect to the x3-axis.
The functional Eβ is considered in the set of domains Ω , close to F , with the same
volume and the position of the barycenter as F ; Γ = ∂Ω . Equation (1.3) is the Euler-
Lagrange equation associated with Eβ . The second variation of Eβ is the quadratic
form given by the formula (1.12) below. The equilibrium figure is regarded as stable
if the second variation is positive and unstable if it can take negative values.
Justification of this statements is given in [6,8–12]. It is based on the analysis of
the free boundary problem for the perturbations W = (V̂ − V̂b
)
, s = q − P , written
in the coordinate system rotating with the angular velocity ω (see [9]):
Wt + (W · ∇)W + 2ω(e3 × W) − ν∇2W + ∇s = 0,
∇ · W = 0, y ∈ Ω̂t , t > 0,
T (W, s )̂n = (σ H(y) + ω
2
2
|y′|2 + p0 + κÛ (y, t))̂n, (1.4)
R̂n = W · n̂, y ∈ Γ̂t ,
W(y, 0) = V̂0(y), y ∈ Ω̂0,
where y = Z −1(Ωt )x, Ω̂t = Z −1(Ωt )Ωt , Γ̂t = ∂̂Ω t , n̂ is the exterior normal to
Γ̂t , Û (y, t) =
∫
Ω̂t




cos θ − sin θ 0




To the solution (1.2) of (1.1) corresponds the zero solution of (1.4).
In the present paper we are interested in the case of instability of this solution. We
study the following evolution problem obtained by linearizing (1.4) around the given
basic state Wb = 0, Ω̂t = F , Γ̂t = G :
vt + 2ω(e3 × v) − ν∇2v + ∇ p = 0,
∇ · v(x, t) = 0, x ∈ F , t > 0,
S(v)(x)N(x) − N(x)(N · S(v)N) = 0, (1.5)
−p + νN · S(v)N + B0ρ = 0,
ρt = N(x) · v(x, t) − h0(x)
∫
G
h0N(y) · v(y, t)d S, x ∈ G ,
v(x, 0) = v0(x), x ∈ F , ρ(x, 0) = ρ0(x), x ∈ G .
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Here v(x, t) = (v1, v2, v3), p(x, t), x ∈ F , and ρ(x, t), x ∈ G = ∂F are unknown
functions, N is the exterior normal to G , and
h0(x) = N · (e3 × x)‖N · (e3 × x)‖L2(G )
.
If N(x) · (e3 × x) = 0, which is the case for the axially symmetric F , then h0 = 0.
Finally,




|x − y| ,
where ∆G is the Laplace–Beltrami operator on G ,










|x − z| ,
H and K are the doubled mean curvature and the Gaussian curvature of G , respec-
tively. In the case σ = 0, we assume
b(x) ≥ b0 > 0.




ρ(y, t)d S = 0,
∫
G
ρ(y, t)yi d S = 0, (1.6)
∫
F
v(y, t)dy = 0,
∫
F
v(y, t) · ηi (y)dy + ω
∫
G
ρ(y, t)η3(y) · ηi (y)d S = 0, i = 1, 2, 3, (1.7)
where ηi (x) = ei × x and ei is the unit vector directed along the xi -axis. It is easily
verified that the conditions (1.6) and (1.7) hold for arbitrary t > 0 if they are satisfied
at the initial moment t = 0 for v = v0, ρ = ρ0. It is also obvious that
∫
G ρ0h0d S = 0
implies ∫
G
ρ(y, t)h0(y)d S = 0. (1.8)
123
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xi dx = 0,
∫
F
x3x j dx = 0, i = 1, 2, 3, j = 1, 2
(see [9]). Moreover, it may be assumed without loss of generality that
∫
F
x1x2dx = 0. (1.9)
This relation is obvious if F is axially symmetric with respect to the x3-axis; other-






cos θx1 + sin θx2
)2 − x23
)
dx > 0, (1.10)
which means that F is an oblate domain. We prove the following theorem.
Theorem 1.1 Let






















ρ(x)ρ(y)d Sx d Sy












where ∇G is the surface gradient on G , takes negative values for some ρ(y) satis-
fying (1.6), (1.8), then the problem (1.5)–(1.8) has solutions growing exponentially as
t → ∞.
This means that the corresponding spectral problem has eigenvalues with positi-
ve real parts; this information is important for the proof of the instability of rigidly
rotating liquid. In mechanics results of this type are referred to as “the inversion of
the Lagrange theorem”.
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The proof consists of the construction and estimate from below of a certain functio-
nal dependent on the solutions of (1.4) and playing the role of the Lyapunov function.
It is much simpler than the proof given in [10–12]. The method we follow is proposed
in [3–5] and used in [7] under the additional restriction K er B˜ = ∅. Here this res-
triction is removed. Our approach to the proof of instability is similar to that in the
papers [13] and [1], where other problems are studied and other Lyapunov functions
are estimated.
2 Auxiliary relations
Before we proceed to the proof of the theorem, we introduce the following spaces of
functions.
– H : the subspace of functions ρ ∈ L2(G ) satisfying (1.6);
– K er B̂: the finite dimensional space of functions ρ ∈ H satisfying B̂ρ = 0 (in the
case σ > 0, K er B̂ ⊂ W 22 (G )).
– H0 = H  Ker B̂;




ρη j · Nd S = 0, j = 1, 2;
– P0, P1: orthogonal projections on H0 and H1;
– ( f, g): the scalar product in L2(G ).
Now, we present some important auxiliary relations the proof of which can be found
in [12].
1. An arbitrary vector field of rigid motion η(x) = a+b× x, a, b = const, satisfies












(x2α − x23 )d S, α = 1, 2.
By (1.10), S˜α > 0. Direct computations show that
∫
G
η1(x) · N(x)x2x3d S = S˜2,
∫
G
η2(x) · N(x)x1x3d S = −S˜1, (2.2)
123
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∫
G
η1(x) · N(x)x1x3d S =
∫
G
η2(x) · N(x)x2x3d S = 0.
3. An arbitrary ρ ∈ L2(G ) can be represented in the form
ρ(x) = ρ1(x) + ρ2(x), (2.3)
where





and ρ2 satisfies the orthogonality conditions
∫
G
ρ2(y)y3 y1d S =
∫
G
ρ2(y)y3 y2d S = 0. (2.4)
If ρ ∈ H , then ρ2 ∈ H . If ρ = ηβ · N, β = 1, 2, then ρ2 = 0.
4. By (1.9), (2.1) and (2.2), we have
(B̂ρ, ρ) = (B̂ρ1, ρ1) + (B̂ρ2, ρ2),
where
(B̂ρ1, ρ1) = (Bρ1, ρ1) = ω2
2∑
α=1
I 2α [ρ]S˜ −1α . (2.5)
By (1.10), this quadratic form is positive, whence
(B̂ρ, ρ) ≥ (B̂ρ2, ρ2). (2.6)
5. The equation (2.3) defines a non-orthogonal projection Q on the space of functions
ρ satisfying (2.4):
Qρ = ρ −
(
S˜ −12 η1(x) · N(x)I2[ρ] − S˜ −11 η2(x) · N(x)I1[ρ]
)
= ρ2.
The adjoint projection has the form
Q∗ρ = ρ +
(







ηα · Nρd S, α = 1, 2.
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It is a projection on the space defined by
Jα[ρ] = 0, α = 1, 2.
6. If ρ ∈ H0, then
ρ = P0ρ = P0ρ1 + P0 Qρ,
and P0 Qρ is representable in a unique way in the form
P0 Qρ = P0 Qr,
where
r = P1 Qρ ∈ H1.
7. By (2.6), for ρ ∈ H0
(B̂ρ, ρ) ≥ (B̂ P0 Qρ, P0 Qρ) = (B̂ Qr, Qr).
Thus, if the form (1.12) can take negative values, then the same is true for the
form (B̂ Qr, Qr), which means that the operator B1 = Q∗ B̂ Q restricted to H1,
i.e. the operator B˜ = P1 Q∗ B̂ Q P1, has negative eigenvalues. Only a finite number
of them may exist. Moreover,
K er B˜ = ∅,
hence
H1 = H+ ⊕ H−,
where H− is the finite-dimensional space spanned by eigenfunctions of B˜ corres-
ponding to the negative eigenvalues. We have
(B̂ Qr, Qr) = (B̂ Qr+, Qr+) + (B̂ Qr−, Qr−),
where r± = P±r and P± are orthogonal projections on H±. For r± = 0, the
first-term on the right-hand side is positive and the second-term is negative. For
an arbitrary s ∈ L2(G ), the equations
B1r± = P±s
are uniquely solvable in H1 and r± ∈ H±.
Finally, we use the following proposition (for instance, see [8]):
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Proposition 2.1 For an arbitrary f ∈ W 1/22 (G ) ∩ H there exists a solenoidal vectorfield w ∈ W 12 (F ) such that w · N|G = f ,
∫
F
w · ηi dx = 0, ηi = ei × x, i = 1, 2, 3,
and
‖w‖W 12 (F ) ≤ c‖ f ‖W 1/22 (G ),
‖w‖L2(F ) ≤ c‖ f ‖L2(G ). (2.7)
The correspondence between f and w is linear.
3 Proof of Theorem 1.1
Now, we pass to the proof of Theorem 1.1. We transform the problem (1.5)–(1.8). In
view of (1.7), we have




where v⊥ is a vector field orthogonal to any rigid motion η = a + b × x defined at
point 1. of Section 2, with ηi defined after formula (1.7). Namely v⊥ satisfies:
∫
F
v⊥ · η(x)dx = 0,
moreover
di [ρ] = − ω‖ηi‖2L2(F )
∫
G
ρ(y, t)ηi (y) · η3(y)d S.
We introduce the functions
u(x, t) = v(x, t) − d3[ρ]η3(x), q(x, t) = p(x, t) − ωd3[ρ]|x ′|2 + const.
Since 2e3 × η3(x) = −2(x1, x2, 0) = −∇|x ′|2 and
∂
∂t
d3[ρ] = − ω‖η3‖2L2(F )
∫
G





u · x ′dx,
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relations (1.5) can be written in the form
ut + 2ω(e3 × u) − ν∇2u + ∇q = 2ωη3(x)‖η3‖2L2(F )
∫
F
u · x ′dx,
∇ · u(x, t) = 0, x ∈ F , t > 0,
S(u(x))N(x) − N(x)(N · S(u)N) = 0, (3.1)
−q + νN · S(u)N + B̂ρ = 0,
ρt = N(x) · u(y, t) − h0(x)
∫
G
h0N(y) · u(y, t)d S, x ∈ G ,
u(x, 0) = v0(x) − u(x, 0) ≡ u0(x), x ∈ F , ρ(x, 0) = ρ0(x), x ∈ G .
Orthogonality conditions (1.6) remain invariant and (1.7) are converted to
∫
F
u(x, t)dx = 0,
∫
F
u(x, t) · η3(x)dx = 0,
∫
F
u(x, t) · ηα(x)dx + ω
∫
G
ρ(x, t)η3(x) · ηα(x)d S = 0, α = 1, 2. (3.2)
Now we change the equation for ρt and instead of (3.1) consider the problem
ut + 2ω(e3 × u) − ν∇2u + ∇q = 2ωη3(x)‖η3‖2L2(F )
∫
F
u · x ′dx,
∇ · u(x, t) = 0, x ∈ F , t > 0,
S(u)N(x) − N(x)(N · S(u)N) = 0, (3.3)
−q + νN · S(u)N + B̂ρ = 0,
ρt = P0N(x) · u(x, t), x ∈ G ,
u(x, 0) = u0(x), x ∈ F , ρ(x, 0) = ρ0(x) = P0ρ0, x ∈ G .
We subject the initial data u0, ρ0 to the conditions (3.2). It can be shown that in this
case the same relations hold for all t > 0. If (u, p, ρ) is a solution of (3.3) that grows
exponentially as t → ∞, then (u, r, ρ′) with
ρ′ = ρ + P ′
t∫
0
u(x, τ ) · N(x)dτ
is a growing solution of (1.5)–(1.8); by P ′ we mean the projection on the space
K er B̂  h0 (we recall that h0 ∈ K er B̂).
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We follow the arguments in [7] and construct functions E(t) and E1(t) such that
d E(t)
dt
+ E1(t) = 0, (3.4)
E1(t) ≥ −βE(t), E(0) < 0, β > 0. (3.5)
Then z(t) = −E(t) satisfies dz(t)dt > βz(t) and, as a consequence,
z(t) ≥ z(0)eβt ,
which proves the theorem.
We obtain some estimates of u and ρ that are uniform with respect to t . We multiply
the first equation in (3.3) by u and integrate over F . Then we integrate by parts and





‖u(·, t)‖2L2(F ) + (B̂ρ, u · N) +
ν
2
‖S(u)‖2L2(F ) = 0.
Since
(B̂ρ, u · N) = (B̂ρ, P0u · N) = (B̂ρ, ρt ),










‖S(u)‖2L2(F ) = 0. (3.6)
In view of the orthogonality conditions, we have




and, as a consequence,
‖u(·, t)‖2L2(F ) + (B̂ρ, ρ)




+ (B̂ Qr+, Qr+) + (B̂ Qr−, Qr−),
where r = P1 Qρ, r± = P±r and ρ1 is the same as in (2.3).
Next, we use the relations
2e3 × ηα = 2eαx3 = eαx3 − e3xα + ∇x3xα, α = 1, 2,
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and write the first equation in (3.3) in the form
v⊥t + 2ω(e3 × v⊥) − ν∇2v⊥ + ∇(q + ω
2∑
α=1
dαxαx3) = R, (3.7)
where R is a linear combination of ηi . We multiply (3.7) by the vector field w, intro-
duced in Proposition 2.1, with
f = P0(I2[ρ]η1 · N − I1[ρ]η2 · N + Qs), s ∈ H1 ∩ W 1/22 (G ),





v⊥ · wdx −
∫
F
v⊥ · wt dx + 2ω
∫
F











dα[ρ]x3xα) f d S = 0. (3.8)
















⊥)‖2L2(F ) − γ
∫
F
v⊥ · wt dx + 2ωγ
∫
F





S(v⊥) : S(w)dx + γ IG ,
where IG is the surface integral in (3.8).
Now we verify (3.5). We use the Korn inequality
‖v⊥‖W 12 (F ) ≤ c‖S(v
⊥)‖L2(F )
and the estimates (2.7) for w. We distinguish two cases: σ > 0 and σ = 0.
I. σ > 0. We set s = r+ − r−. By (2.7),
‖w‖L2(F ) ≤ c‖ f ‖L2(G ) ≤ c
( 2∑
α=1
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Using the Cauchy–Schwartz inequality, we easily show that
E(t) ≥ c(B̂ Qr−, Qr−) (3.10)
in the case of small γ > 0.

















Mα I 2α [ρ] + (B̂ Qr+, Qr+) − (B̂ Qr−, Qr−).




I 2α [ρ] + ‖r‖2W 12 (G )
)
.
We also need to estimate wt . By (2.7),
‖wt‖L2(F ) ≤ c‖ ft‖L2(G ).
The time derivative ft can be written in the form
ft = P0(I2[ρt ]η1 · N − I1[ρt ]η2 · N) + P0 Qrt − 2P0 Qr−,t
= P0(I2[ρt ]η1 · N − I1[ρt ]η2 · N) + P1 Qρt − 2P0 Qr−,t . (3.11)
Since P0η3 · N = 0, we have
ρt = P0
(










(rt , ϕ j )ϕ j (x) =
m∑
j=1
(P1 Qρt , ϕ j )ϕ j (x), (3.13)
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where the ϕ j are normalized eigenfunctions of the operator B1 corresponding to the
negative eigenvalues. We can estimate a finite sum (3.13) using (3.12). We obtain
‖ρt‖L2(G ) ≤ c
( 2∑
α=1
I 2α [ρ] + ‖v⊥ · N‖2L2(G )
)1/2
and
‖wt‖L2(F ) ≤ c‖ ft‖L2(G ) ≤ c
( 2∑
α=1




‖S(w)‖2L2(F ) ≤ c‖ f ‖2W 1/22 (G ) ≤ c
( 2∑
α=1
I 2α [ρ] + ‖r‖2W 1/22 (G )
)
. (3.15)






v⊥ · wt dx + 2ωγ
∫
F








‖S(v⊥)‖2L2(F ) + γ IG
)
(3.16)
with θ ∈ (0, 1). It follows that
E1(t) ≥ c‖r−‖2W 12 (G ) ≥ −βE(t)















= (B̂ Qr−, Qr−)
∣∣∣
t=0 < 0
if v⊥(x, 0) = 0 and ρ(x, 0) = P0 Qρ(x, 0) = P0 Qr−(x, 0). Hence in the case σ > 0
(3.5) is proved.
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II. σ = 0. We set s = s+ + s− where s± ∈ H± are solutions of the equations
B1s± = P±(−∆G )−1/2r±,
where ∆G is the Laplace Beltrami operator. These functions satisfy the inequalities
‖s±‖W 1/22 (G ) ≤ c‖(−∆G )
−1/2r±‖W 1/22 (G ) ≤ c‖r±‖W−1/22 (G ),
so instead of (3.9) we have
‖w‖L2(F ) ≤ c‖ f ‖L2(G ) ≤ c
( 2∑
α=1






Estimate (3.10) remains valid if γ is small. Instead of (3.11) and (3.15) we have
‖S(w)‖2L2(F ) ≤ c‖ f ‖2W 1/22 (G ) ≤ c
( 2∑
α=1
I 2α [ρ] + ‖r‖2W−1/22 (G )
)
, (3.18)
ft = P0(I2[ρt ]η1 · N − I1[ρt ]η2 · N) + P0 Qst − 2P0 Qs−,t ,
‖ ft‖L2(G ) ≤ c
( 2∑
α=1





We estimate the norms of rt and r−,t , using (3.12) and (3.13), which leads to the same




Mα I 2α [ρ] + (B̂ Qr, Qs),
where





I 2α [ρ] + ‖r‖2W−1/22 (G )
)
.
It follows that (3.16) holds also in the case σ = 0, whence
E1(t) ≥ c‖r−‖2W−1/22 (G ).
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|(r, ϕ j )|2 ≤ ‖r‖2W−1/22 (G )
m∑
j=1
‖ϕ j‖2W 1/22 (G )
and m < ∞. This implies E1(t) ≥ c‖r−‖2L2(G ) ≥ −c(B̂ Qr−, Qr−) ≥ −βE(t),
which was required. Theorem 1.1 is completely proved. unionsq
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